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Abstract
Let I be a finite or infinite index set, X be a topological space and (Yi , {ϕNi })i∈I be a family
of finitely continuous topological spaces (in short, FC-space). For each i ∈ I , let Ai :X → 2Yi be
a set-valued mapping. Some existence theorems of maximal elements for the family {Ai}i∈I are
established under noncompact setting of FC-spaces. As applications, some equilibrium existence
theorems for generalized games with fuzzy constraint correspondences are proved in noncompact
FC-spaces. These theorems improve, unify and generalize many important results in recent literature.
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1. Introduction and preliminaries
It is well known that many existence theorems of maximal elements for set-valued map-
pings have been established in topological vector spaces, H -spaces and G-convex spaces
by many authors. Their important applications to mathematical economies and generalized
games have been studied extensively by many authors. For existence results of maximal
elements of various classes of set-valued mappings and their applications to mathematical
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30 X.P. Ding / J. Math. Anal. Appl. 305 (2005) 29–42economies, generalized games and other branches of mathematics, the reader may consult
[3,5–12,16–25,27,33–45] and the references therein.
Let X be a nonempty set. We denote by 2X and 〈X〉 the family of all subsets of X and
the family of all nonempty finite subsets of X respectively. Let ∆n be the standard n-di-
mensional simplex with vertices e0, e1, . . . , en. If J is a nonempty subset of {0,1, . . . , n},
we denote by ∆J the convex hull of the vertices {ej : j ∈ J }.
The following notions was introduced by Ding in [13,14].
Let X and Y be topological spaces. A subset A of X is said to be compactly open
(respectively, compactly closed) if for each nonempty compact subset K of X, A ∩ K is
open (respectively, closed) in K . The compact interior and the compact closure of A are
defined by
cintA =
⋃
{B ⊂ X: B ⊂ A and B is compactly open in X}, and
cclA =
⋂
{B ⊂ X: A ⊂ B and B is compactly closed}.
Clearly, we have X \ cintA = ccl(X \A) and X \ cclA = cint(X \A). For any compact
subset K of X, we have cintA∩K = intK(A∩K) and cclA∩K = clK(A∩K).
A set-valued mapping T :X → 2Y is said to be transfer compactly open-valued if for
x ∈ X and for each compact subset K of Y , y ∈ T (x) ∩ K implies that there exists x′ ∈ X
such that y ∈ intK(T (x′)∩K).
The following notion of a finitely continuous topological space (in short, FC-space) was
introduced by Ding in [15].
Definition 1.1. (Y, {ϕN }) is said to be a FC-space if Y is a topological space and for each
N = {y0, . . . , yn} ∈ 〈Y 〉 where some elements in N may be same, there exists a continuous
mapping ϕN :∆n → Y . A subset D of (Y, {ϕN }) is said to be a FC-subspace of Y if for
each N = {y0, . . . , yn} ∈ 〈Y 〉 and for each {yi0, . . . , yik } ⊂ N ∩ D, ϕN(∆k) ⊂ D where
∆k = co({eij : j = 0, . . . , k}).
Clearly, each FC-subspace D of a FC-space (Y, {ϕN }) is also a FC-space.
The following notion of generalized convex (in short, G-convex) spaces was introduced
by Park and Kim in [31] and Park in [30].
Definition 1.2. (Y,Γ ) is said to be a G-convex space if Y is a topological space and
Γ : 〈Y 〉 → 2Y \ {∅} such that for each N = {y0, . . . , yn} ∈ 〈Y 〉, there exists a continuous
mapping ϕN :∆n → Γ (N) satisfying that for each B = {yi0, . . . , yik } ⊂ N , ϕN(∆k) ⊂
Γ (B) where ∆k = co{eij : j = 0, . . . , k}. A subset D of Y is said to be G-convex if for any
N ∈ 〈D〉, Γ (N) ⊂ D.
It is clear that the class of G-convex spaces is a true subclass of FC-spaces. We emphasis
that FC-space is a topological space without any convexity structure. Major examples of
FC-space is convex subsets of topological vector spaces, Lassonde’s convex spaces in [26],
C-spaces (or H -spaces) due to Horvath in [24], G-convex space due to Park and Kim in
[30,31] and many topological spaces with abstract convexity structure, see [30,31].
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ter admissible mappings was introduced as follows: F ∈ B(Y,X) ⇔ F :Y → 2X is a
upper semicontinuous set-valued mapping with compact values such that for any N =
{y0, . . . , yn} ∈ 〈Y 〉 and any continuous mapping ψ :F(ϕN(∆n)) → ∆n, the composition
mapping ψ ◦ F |ϕN (∆n) ◦ ϕN :∆n → 2∆n has a fixed point.
If (Y, {ϕN }) be a G-convex space, the class B(Y,X) was introduced by Park in [28].
If Y is a nonempty convex subset of a vector space E, the class B(Y,X) is introduced
and studied by Park in [29]. The class B(Y,X) of better admissible set-valued mappings
includes many important classes of set-valued mappings, for example, Ukc (Y,X) in [31],
KKM(Y,X) in [4] and A(Y,X) in [2] and so on as proper subclasses, see [28].
Lemma 1.1. Let I be any index set. For each i ∈ I , let (Yi, {ϕNi }) be a FC-space. Let
Y =∏i∈I Yi and ϕN =∏i∈I ϕNi . Then (Y, {ϕN }) is also a FC-space.
Proof. Let Y be equipped with the product topology and for i ∈ I , let πi :Y → Yi be the
projective mapping from Y to Yi . For any given N = {y0, . . . , yn} ∈ 〈Y 〉, let Ni = πi(N) =
{πi(y0), . . . , πi(yn)} ∈ 〈Yi〉. Since Yi is a FC-space, there exists a continuous mapping
ϕNi :∆n → Yi . Define a mapping ϕN :∆n → Y by
ϕN(α) =
∏
i∈I
ϕNi (α), ∀α ∈ ∆n.
Then ϕN is continuous and hence (Y, {ϕN }) is also a FC-space. 
By the definition of FC-subspace of a FC-space and Lemma 1.1, we can prove that if
for each i ∈ I , Di is a FC-subspace of FC-space (Yi, {ϕNi }), then D =
∏
i∈I Di is also a
FC-subspace of the FC-space (Y, {ϕN }) defined in Lemma 1.1.
Lemma 1.2 [13]. Let X and Y be topological spaces, T :X → 2Y be a set-valued mapping
with nonempty values. Then the following conditions are equivalent:
(1) T has the compactly local intersection property,
(2) for each compact subset K of X and for each y ∈ Y , there exists an open subset Oy of
X (which may be empty) such that Oy ∩K ⊂ T −1(y) and K =⋃y∈Y (Oy ∩K),
(3) for each compact subset K of X, there exists a set-valued mapping F :X → 2Y such
that for each y ∈ Y , F−1(y) is open or empty in X, and F−1(y) ∩ K ⊂ T −1(y) for
each y ∈ Y and K =⋃y∈Y (F−1(y)∩K),
(4) for each compact subset K of X and for each x ∈ K , there exists x ∈ cintT −1(y)∩K ,
i.e.,
K =
⋃
y∈Y
(
cintT −1(y)∩K)= ⋃
y∈Y
(
T −1(y)∩K),
−1 X(5) T :Y → 2 is transfer compactly open-valued on Y .
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In this section, we shall show several existence theorems of maximal elements for a
set-valued mapping and for a family of set-valued mappings involving a better admissible
set-valued mapping.
Theorem 2.1. Let X be a topological space, (Y, {ϕN }) be a FC-space, F ∈ B(Y,X) and
A :X → 2Y such that,
(i) for each N = {y0, . . . , yn} ∈ 〈Y 〉 and for each {yi0, . . . , yik } ⊂ N ,
F
(
ϕN(∆k)
)∩
(
k⋂
j=0
cintA−1(yij )
)
= ∅,
(ii) A−1 :Y → 2X is transfer compactly open-valued,
(iii) there exists a nonempty set Y0 ⊂ Y and for each N = {y0, . . . , yn} ∈ 〈Y 〉, there exists a
compact FC-subspace LN of Y containing Y0∪N such that K =⋂y∈Y0(cintA−1(y))c
is empty or compact in X where (cintA−1(y))c denotes the complement of cintA−1(y).
Then there exists a point xˆ ∈ X such that A(xˆ) = ∅.
Proof. Suppose the conclusion is false, then A(x) = ∅ for each x ∈ X. If K is empty, then
we have
X = X∖ ⋂
y∈Y0
(
cintA−1(y)
)c = ⋃
y∈Y0
cintA−1(y). (1)
If K is nonempty and compact, by (ii) and Lemma 1.2, we have
K =
⋃
y∈Y
(
cintA−1(y)∩K).
Since K is compact, there exists N = {y0, . . . , yn} ∈ 〈Y 〉 such that
K =
n⋃
i=0
(
cintA−1(yi)∩K
)⊂ n⋃
i=0
cintA−1(yi).
It follows that
X
∖ ⋃
y∈Y0
cintA−1(y) =
⋂
y∈Y0
(
cintA−1(x)
)c = K ⊂ ⋃
y∈N
cintA−1(y).
Hence we obtain
X =
⋃
y∈Y0∪N
cintA−1(y). (2)
Therefore, in both cases, there exists N = {y0, . . . , yn} ∈ 〈Y 〉 such that (2) holds. By con-
dition (iii), there exists a compact FC-subspace LN of Y containing Y0 ∪ N . Since F is
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tion 3.1.11 of Aubin and Ekeland in [1] that F(LN) is compact in X. By (2), we have
F(LN) =
⋃
y∈LN
(
cintA−1(y)∩ F(LN)
)
. (3)
Hence there exists a finite set M = {z0, . . . , zm} ∈ 〈LN 〉 ⊂ 〈Y 〉 such that
F(LN) =
m⋃
i=0
(
cintA−1(zi)∩ F(LN)
)
. (4)
Since LN is a FC-subspace of Y , we have
ϕM(∆r) ⊂ LN, ∀{zi0, . . . , zir } ⊂ M, (5)
where ∆r = co({eij : j = 0, . . . , r}).
Let {ψi}mi=0 is the continuous partition of unity subordinated to the open covering
{cintA−1(zi)∩ F(LN)}mi=0. Then for each i ∈ {0,1, . . . ,m} and x ∈ F(LN),
ψi(x) = 0 ⇔ x ∈ cintA−1(zi)∩ F(LN) ⊂ cintA−1(zi). (6)
Define a mapping ψ :F(LN) → ∆m by
ψ(x) =
m∑
i=0
ψi(x)ei, ∀x ∈ F(LN). (7)
Hence ψ is continuous and
ψ(x) =
∑
j∈J (x)
ψj (x)ej ∈ ∆J(x), ∀x ∈ F(LN), (8)
where J (x) = {j ∈ {0,1, . . . ,m}: ψj (x) = 0}. Note that M ⊂ LN and LN is FC-subspace
of Y , we have F(ϕM(∆m)) ⊂ F(LN). Since F ∈ B(Y,X), it follows from (5) and (7)
that the function ψ ◦ F |ϕM(∆m) ◦ ϕM :∆m → ∆m has a fixed point z ∈ ∆m, i.e., z ∈ ψ ◦
F |ϕM(∆m) ◦ ϕM(z). Hence there exists x¯ ∈ F |ϕM(∆m) ◦ ϕM(z) such that
z = ψ(x¯) =
∑
j∈J (x¯)
ψj (x¯)ej ∈ ∆J(x¯),
where J (x¯) = {j ∈ {0, . . . ,m}: ψj(x¯) = 0}. It follows from (i) that
x¯ ∈ F |ϕM(∆M) ◦ ϕM(z) ⊂ F
(
ϕM(∆J(x¯))
)⊂ ⋃
j∈J (x¯)
(
X \ cintA−1(zj )
)
.
Therefore there exists j0 ∈ J (x¯) such that x¯ /∈ cintA−1(zj0). On the other hand, by the
definition of J (x¯), we have ψj0(x¯) = 0. It follows from (6) that x¯ ∈ cintA−1(zj0) which is
a contradiction. Hence there must exists xˆ ∈ X such that A(xˆ) = ∅. 
Remark 2.1. Theorem 2.1 generalizes Theorem 2.1 of Ding in [11] from G-convex spaces
to FC-space without any convexity structure.
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(Y, {ϕN }) be a FC-space, F ∈ B(Y,X) and A :X → 2Y such that,
(i) for each N = {y0, . . . , yn} ∈ 〈Y 〉 and for each {yi0, . . . , yik } ⊂ N ,
F
(
ϕN(∆k)
)∩
(
k⋂
j=0
cintA−1(yij )
)
= ∅,
(ii) A−1 :Y → 2X is transfer compactly open-valued,
(iii) for each N ∈ 〈Y 〉, there exists a compact FC-subspace LN of Y containing N such
that
F(LN) \K ⊂
⋃
y∈LN
cintA−1(y).
Then there exists a point xˆ ∈ K such that A(xˆ) = ∅.
Proof. Suppose the conclusion is false, then A(x) = ∅ for each x ∈ X. By (ii) and Lem-
ma 1.2, we have
K =
⋃
y∈Y
(
cintA−1(y)∩K).
Since K is compact, there exists N = {y0, . . . , yn} ∈ 〈Y 〉 such that
K =
n⋃
i=0
(
cintA−1(yi)∩K
)
.
By (iii) and F ∈ B(Y,X), there exists a compact FC-subspace LN of Y containing N and
F(LN) is compact in X and hence we have
F(LN) =
⋃
y∈LN
(
cintA−1(y)∩ F(LN)
)
.
By using similar argument as in the proof of Theorem 2.1, we can show that there exists
xˆ ∈ X such that A(xˆ) = ∅. The condition (iii) implies that xˆ must be in K . 
Remark 2.2. Theorem 2.2 generalizes Theorem 2.2 of Ding in [11] from G-convex space
to FC-space without any convexity structure.
Corollary 2.1. Let (X, {ϕN }) be a FC-space and K be a nonempty compact subset of X.
Let F ∈ B(X,X) and A :X → 2X be such that
(i) for each N = {x0, . . . , xn} ∈ 〈X〉 and for each {xi0, . . . , xik } ⊂ N ,
F
(
ϕN(∆k)
)∩
(
k⋂
cintA−1(xij )
)
= ∅,j=0
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(iii) for each N ∈ 〈X〉 there exists a compact FC-subspace LN of X containing N such
that
F(LN) \K ⊂
⋃
y∈LN
cintA−1(y).
Then A has a maximal element xˆ ∈ K , i.e., A(xˆ) = ∅.
Proof. The conclusion of Corollary 2.1 follows from Theorem 2.2 with X = (Y, {ϕN }). 
If F is the identity mapping in Corollary 2.1, then we have obtain the following result.
Corollary 2.2. Let (X, {ϕN }) be a FC-space and K be a nonempty compact subset of X.
Let A :X → 2X be such that
(i) for each N = {x0, . . . , xn} ∈ 〈X〉 and for each {xi0, . . . , xik } ⊂ N ,
ϕN(∆k)∩
(
k⋂
j=0
cintA−1(xij )
)
= ∅,
(ii) A−1 :X → 2X is transfer compactly open-valued,
(iii) for each N ∈ 〈X〉 there exists a compact FC-subspace LN of X containing N such
that
LN \K ⊂
⋃
y∈LN
cintA−1(y).
Then A has a maximal element xˆ ∈ K , i.e., A(xˆ) = ∅.
Remark 2.3. We note that the coercive condition (iii) of Theorem 2.1 and the coercive con-
dition (iii) of Theorem 2.2 are not equivalent. Hence they are different results. Corollary 2.1
generalizes Corollary 2.1 of Ding in [11] from G-convex space to FC-space. Corollar-
ies 2.1 and 2.2, in turn, generalizes Theorem 2.1 of Shen in [32], Theorem 1 of Ding and
Tan in [19], Theorem 1 of Ding et al. in [17], Theorem 2 of Tulcea in [40], Theorem 2.2
of Toussaint in [39], Theorem 5.1 of Yannelis and Prabhakar in [42] and Corollary 1 of
Borglin and Keiding in [3] in many aspects.
Theorem 2.3. Let X be a topological space and I be an any index set. For each i ∈ I , let
(Yi, {ϕNi }) be a FC-space and let Y =
∏
i∈I Yi such that (Y, {ϕN }) is a FC-space defined
as in Lemma 1.1. Let F ∈ B(Y,X) and for each i ∈ I , Ai :X → 2Yi such that,
(i) for each N = {y0, . . . , yn} ∈ 〈Y 〉 and for each {yi0, . . . , yik } ⊂ N ,
F
(
ϕN(∆k)
)∩
(
k⋂
cintA−1i
(
πi(yij )
))= ∅,
j=0
36 X.P. Ding / J. Math. Anal. Appl. 305 (2005) 29–42where πi is the projection from Y to Yi ,
(ii) A−1i :Yi → 2X is transfer compactly open-valued,
(iii) for each x ∈ X, I (x) = {i ∈ I : Ai(x) = ∅} is finite,
(iv) there exists a nonempty set Y0 ⊂ Y and for each N = {y0, . . . , yn} ∈ 〈Y 〉, there exists
a compact FC-subspace LN of Y containing Y0 ∪N such that
K =
⋂
y∈Y0
ccl
{
x ∈ X: ∃i ∈ I (x), πi(y) /∈ Ai(x)
}
is empty or compact in X.
Then there exists xˆ ∈ X such that Ai(xˆ) = ∅ for each i ∈ I .
Proof. Define A :X → 2Y by
A(x) =
{⋂
i∈I (x) π
−1
i (Ai(x)), if I (x) = ∅,
∅, if I (x) = ∅.
Then for each x ∈ X, A(x) = ∅ if and only if I (x) = ∅. Let x ∈ X with A(x) = ∅, then
there exists an i0 ∈ I (x) such that Ai0(x) = ∅. For each y ∈ Y , we have
A−1(y) = {x ∈ X: y ∈ A(x)}= {x ∈ X: y ∈ ⋂
i∈I (x)
π−1i
(
Ai(x)
)}
= {x ∈ X: πi(y) ∈ Ai(x), ∀i ∈ I (x)}
⊂ {x ∈ X: x ∈ A−1i0 (πi(y))}= A−1i0 (πi(y)).
For each N = {y0, . . . , yn} ∈ 〈Y 〉 and for each {yi0, . . . , yik } ⊂ N , if u ∈
⋂k
j=0 cintA−1(yij ),
then u ∈⋂kj=0 cintA−1i0 (πi(yij )). By (i), u /∈ F(ϕN(∆k)). It follows that
F
(
ϕN(∆k)
)∩
(
k⋂
j=0
cintA−1(yij )
)
= ∅.
The condition (i) of Theorem 2.1 is satisfied.
For any compact subset D of X, if x ∈ A−1(y) ∩ D, then for each i ∈ I (x), x ∈
A−1i (πi(y)) ∩ D. By (ii), each A−1i is transfer compactly open-valued and hence there
exists y¯i ∈ Yi such that x ∈ intD(A−1i (y¯i )∩D). Note that I (x) is finite by (iii), we have
x ∈
⋂
i∈I (x)
intD
(
A−1i (y¯i )∩D
)⊂ intD
( ⋂
i∈I (x)
(
A−1i (y¯i )∩D
))
.
Let y¯ =∏i∈I (x) y¯i ⊗∏j∈I\I (x)(yj ) where yj ∈ Yj is an any fixed element for each j ∈
I \ I (x). Hence there exists y¯ ∈ Y such that
x ∈ intD
( ⋂
A−1i
(
πi(y¯)
)∩D)= intD(A−1(y¯)∩D).
i∈I (x)
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By the definition of A, for each y ∈ Y we have
A−1(y) = {x ∈ X: πi(y) ∈ Ai(x), ∀i ∈ I (x)}.
It follows from (iv) that
K =
⋂
y∈Y0
(
cintA−1(y)
)c = ⋂
y∈Y0
ccl
{
x ∈ X: ∃i ∈ I (x), πi(y) /∈ Ai(x)
}
is empty or compact and hence the condition (iii) of Theorem 2.1 is satisfied. By Theo-
rem 2.1, there exists xˆ ∈ X such that A(xˆ) = ∅ which implies I (xˆ) = ∅, i.e., Ai(xˆ) = ∅ for
all i ∈ I . This completes the proof. 
Let X = Y =∏i∈I Yi and F be an identity mapping on Y , then, by Theorem 2.3, we
have the following result.
Corollary 2.3. Let I be an any index set. For each i ∈ I , let (Xi, {ϕNi }) be a FC-space
and let X =∏i∈I Xi such that (X, {ϕN }) is a FC-space defined as in Lemma 1.1. For each
i ∈ I , let Ai :X → 2Xi such that
(i) for each N = {x0, . . . , xn} ∈ 〈X〉 and for each {xi0, . . . , xik } ⊂ N ,
ϕN(∆k)∩
(
k⋂
j=0
cintA−1i
(
πi(xij )
))= ∅,
(ii) A−1i :Xi → 2X is transfer compactly open-valued,
(iii) for each x ∈ X, I (x) = {i ∈ I : Ai(x) = ∅} is finite,
(iv) there exists a nonempty set X0 ⊂ X and for each N = {x0, . . . , xn} ∈ 〈X〉, there exists
a compact FC-subspace LN of X containing X0 ∪ N such that K =⋂y∈X0{x ∈ X:∃i ∈ I (x), πi(y) /∈ Ai(x)} is empty or compact.
Then there exists xˆ ∈ X such that Ai(xˆ) = ∅ for each i ∈ I .
Theorem 2.4. Let X be a topological space and I be an any index set. For each i ∈ I , let
(Yi, {ϕNi }) be a FC-space and let Y =
∏
i∈I Yi such that (Y, {ϕN }) is a FC-space defined
as in Lemma 1.1. Let F ∈ B(Y,X) and for each i ∈ I , Ai :X → 2Yi such that
(i) for each N = {y0, . . . , yn} ∈ 〈Y 〉 and for each {yi0, . . . , yik } ⊂ N ,
F
(
ϕN(∆k)
)∩
(
k⋂
j=0
cintA−1i
(
πi(yij )
))= ∅,
(ii) A−1i :Yi → 2X is transfer compactly open-valued,
(iii) for each x ∈ X, I (x) = {i ∈ I : Ai(x) = ∅} is finite,
(iv) there exists a compact subset K of X and for each i ∈ I and Ni ∈ 〈Yi〉, there exists a
nonempty compact FC-subspace LNi of Yi containing Ni such that for each x ∈ X \
K , there exists y ∈ LN =∏i∈I LNi such that for each i ∈ I (x), x ∈ cintA−1i (πi(y)).Then there exists xˆ ∈ K such that Ai(xˆ) = ∅ for each i ∈ I .
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A(x) =
{⋂
i∈I (x) π
−1
i (Ai(x)), if I (x) = ∅,
∅, if I (x) = ∅.
Then for each x ∈ X, A(x) = ∅ if and only if I (x) = ∅. By the conditions (i)–(iii) and
the proof of Theorem 2.3, the conditions (i) and (ii) of Theorem 2.2 are satisfied. For
each N ∈ 〈Y 〉 and i ∈ I , let Ni = πi(N). By (iv), there exists compact FC-subspace LNi
containing Ni . Let LN =∏i∈I LNi , then LN is a compact FC-subspace of Y and
LN =
∏
i∈I
LNi ⊃
∏
i∈I
πi(N) ⊃ N.
By (iv) again, we have
F(LN) \K ⊂ X \K ⊂
⋃
y∈LN
( ⋂
i∈I (x)
cintA−1i
(
πi(y)
))
⊂
⋃
y∈LN
cint
( ⋂
i∈I (x)
A−1i
(
πi(y)
))= ⋃
y∈LN
cintA−1(y).
The condition (iii) of Theorem 2.2 is satisfied. By Theorem 2.2, there exists xˆ ∈ K such
that A(xˆ) = ∅ which implies I (xˆ) = ∅, i.e., Ai(xˆ) = ∅ for all i ∈ I . This completes the
proof. 
Let X = Y =∏i∈I Yi and F be the identity mapping on Y , then, by Theorem 2.4, we
have the following result.
Corollary 2.4. Let I be an any index set. For each i ∈ I , let (Xi, {ϕNi }) be a FC-space
and let X =∏i∈I Xi such that (X, {ϕN }) is a FC-space defined as in Lemma 1.1. For each
i ∈ I , let Ai :X → 2Xi such that
(i) for each N = {x0, . . . , xn} ∈ 〈X〉 and for each {xi0, . . . , xik } ⊂ N ,
ϕN(∆k)∩
(
k⋂
j=0
cintA−1i
(
πi(xij )
))= ∅,
(ii) A−1i :Xi → 2X is transfer compactly open-valued,
(iii) for each x ∈ X, I (x) = {i ∈ I : Ai(x) = ∅} is finite,
(iv) there exists a compact subset K of X and for each i ∈ I and Ni ∈ 〈Xi〉, there exists a
nonempty compact FC-subspace LNi of Xi containing Ni such that for each x ∈ X \
K , there exists x ∈ LN =∏i∈I LNi such that for each i ∈ I (x), x ∈ cintA−1i (πi(x)).
Then there exists xˆ ∈ K such that Ai(xˆ) = ∅ for each i ∈ I .
Corollary 2.5. Let I be an any index set. For each i ∈ I , let (Xi, {ϕNi }) be a FC-space
and let X =∏i∈I Xi such that (X, {ϕN }) is a FC-space defined as in Lemma 1.1. For each
i ∈ I , let Ai :X → 2Xi such that
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(ii) for each x ∈ X, xi = πi(x) /∈ Ai(x) and A−1i :Xi → 2X is transfer compactly open-
valued,
(iii) for each x ∈ X, I (x) = {i ∈ I : Ai(x) = ∅} is finite,
(iv) there exists a compact subset K of X and for each i ∈ I and Ni ∈ 〈Xi〉, there exists a
nonempty compact FC-subspace LNi of Xi containing Ni such that for each x ∈ X \
K , there exists y ∈ LN =∏i∈I LNi such that for each i ∈ I (x), x ∈ cintA−1i (πi(y)).
Then there exists xˆ ∈ K such that Ai(xˆ) = ∅ for each i ∈ I .
Proof. It is sufficient to show that the conditions (i) and πi(x) /∈ Ai(x) for each x ∈ X im-
ply the condition (i) of Corollary 2.4 holds. Suppose that the condition (i) of Corollary 2.4
does not hold, then there exist N = {x0, . . . , xn} ∈ 〈X〉 and {xi0, . . . , xik } ⊂ N such that
ϕN(∆k)∩
(
k⋂
j=0
cintA−1
(
πi(xij )
)) = ∅.
Hence there exists xˆ ∈ ϕN(∆k) such that xˆ ∈ cintA−1i (πi(xij )) ⊂ A−1i (πi(xij )) for all
j = 0, . . . , k. It follow that {πi(xij ): j = 0, . . . , k} ⊂ Ai(xˆ). Since Ai(xˆ) is a FC-subspace
of Yi , we have
xˆi = πi(xˆ) ∈ πi
(
ϕN(∆k)
)= ϕNi (∆k) ⊂ Ai(xˆ)
which contradicts the condition that for each x ∈ X, xi = πi(x) /∈ Ai(x). Hence the condi-
tion (i) of Corollary 2.4 hold. The conclusion follows from Corollary 2.4. 
Remark 2.4. Corollary 2.5 generalizes Theorem 4.1 of Lin, Yu, Ansari and Lai in [27] from
convex subsets of topological vector space to FC-spaces without any convexity structure.
3. Equilibria of generalized games
In this section, by using the maximal element theorems obtained in the above section,
we will establish a new existence theorems for equilibrium points of generalized games
with fuzzy constraint correspondences in FC-spaces.
Because of the fuzziness of consumers’ behavior or market situations, in a real market,
any preference of a real agent would be unstable. Therefore Kim and Tan [25] introduced
the following model of generalized games with fuzzy constraint correspondences.
Let I be a finite or infinite set of agents. For each i ∈ I , let Xi be a strategy set (or
commodity space) of ith agent. A generalized game Γ = (Xi,Ai,Fi,Pi)i∈I is defined
as a family of ordered quadruples (Xi,Ai,Fi,Pi), where Ai :X =∏i∈I Xi → 2Xi is a
constraint correspondence such that Ai(x) is the state attainable for ith agent; Fi :X → 2Xi
is a fuzzy constraint correspondence such that Fi(x) is the unstable state for ith agent, and
Pi :X ×X → 2Xi is a preference correspondence such that Pi(x, y) is the state preference
of ith agent at (x, y). An equilibrium for generalized game Γ is a point (xˆ, yˆ) ∈ X × X
such that for each i ∈ I , xˆi = πi(xˆ) ∈ Ai(xˆ), yˆi = πi(yˆ) ∈ Fi(yˆ), and Ai(xˆ)∩Pi(xˆ, yˆ) = ∅.
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above definition of a generalized game Γ and an equilibrium point of Γ coincide with the
usual definition of a generalized game in [3,5,7–10,16–21,23,25,32–45].
Theorem 3.1. Let Γ = ((Xi, {ϕNi }),Ai,Fi,Pi)i∈I be a generalized game and K be a non-
empty compact subset of X =∏i∈I Xi such that for each i ∈ I , the following conditions
are satisfied:
(i) for each x ∈ X, Ai(x), Fi(x) are nonempty FC-subspaces of Xi ,
(ii) for each yi ∈ Xi , A−1i (yi), F−1i (yi), and P−1i (yi) are compactly open,
(iii) for all (x, y) ∈ X ×X, Pi(x, y) is a FC-subspace of Xi and xi = πi(x) /∈ Pi(x, y),
(iv) the set Wi = {(x, y) ∈ X×X: πi(x) ∈ Ai(x) and πi(y) ∈ Fi(x)} is compactly closed,
(v) for each (x, y) ∈ X ×X, the set I (x, y) = {i ∈ I : Ai(x)∩ Pi(x, y) = ∅} is finite,
(vi) for each Ni,Mi ∈ 〈Xi〉, there exist compact FC-subspaces LNi and LMi of 〈Xi〉 con-
taining Ni and Mi respectively, such that for each (x, y) ∈ X × X \ K × K , there
exists (u, v) ∈ LN × LM , where LN =∏i∈I LNi and LM =∏i∈I LMi , such that for
each i ∈ I (x, y), πi(u) ∈ Ai(x)∩ Pi(x, y) and πi(v) ∈ Fi(x).
Then there exists (xˆ, yˆ) ∈ K×K such that for each i ∈ I , xˆi = πi(xˆ) ∈ Ai(xˆ), yˆi = πi(yˆ) ∈
Fi(yˆ), and Ai(xˆ)∩ Pi(xˆ, yˆ) = ∅, i.e., (xˆ, yˆ) is an equilibrium point of Γ .
Proof. By Lemma 1.1, (X×X, {ϕN }) is also a FC-space where X×X =∏i∈I (Xi ×Xi).
For each i ∈ I , define Gi :X ×X → 2Xi×Xi by
Gi(x, y) =
{
[Ai(x)∩ Pi(x, y)] × Fi(x), if (x, y) ∈ Wi,
Ai(x)× Fi(x), if (x, y) /∈ Wi.
Then, by (i) and (iii), for each i ∈ I and for each (x, y) ∈ X × X, Gi(x, y) is a FC-space
of Xi and so the condition (i) of Corollary 2.5 is satisfied. By (iii) and the definition of Wi ,
we have (xi, yi) = (πi(x),πi(y)) /∈ Gi(x, y) for each i ∈ I and for any (x, y) ∈ X × X.
For each i ∈ I and for any (ui, vi) ∈ Xi ×Xi , we have
G−1i (ui, vi) =
[
P−1i (ui)∩
(
A−1i (ui)×X
)∩ (F−1i (vi)×X)]
∪ [((X ×X) \Wi)∩ (A−1i (ui)×X)∩ (F−1(vi)×X)].
By the conditions (ii) and (iv), G−1i (ui, vi) is compactly open-valued and hence G−1i it
transfer compactly open-valued on Xi ×Xi . The condition (ii) of Corollary 2.5 is satisfied.
The condition (v) implies that the condition (iii) of Corollary 2.5 holds. Note that G−1i is
compactly open-valued, from condition (vi), we have
(X ×X) \ (K ×K) ⊂
⋃{
G−1i
(
πi(u),πi(v)
)
: (u, v) ∈ LN ×LM
}
=
⋃{
cintG−1i
(
πi(u),πi(v)
)
: (u, v) ∈ LN ×LM
}
and so the condition (iv) of Corollary 2.5 is satisfied. By Corollary 2.5, there exists (xˆ, yˆ) ∈
X × X such that Gi(xˆ, yˆ) = ∅ for all i ∈ I . If (xˆ, yˆ) /∈ Wj for some j ∈ I , then either
Ai(xˆ) = ∅ or Fi(xˆ) = ∅ which contradicts the fact that Ai(x) and Fi(x) are both nonempty
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for each i ∈ I , xˆi = πi(xˆ) ∈ Ai(xˆ), yˆi = πi(yˆ) ∈ Fi(xˆ) and Ai(xˆ) ∩ Pi(xˆ, yˆ) = ∅. This
completes the proof. 
Remark 3.1. Theorem 3.1 generalizes Theorem 5.1 of Lin, Yu, Ansari and Lai [27] from
convex subsets of topological vector spaces to FC-spaces without any convexity structure
under much weaker assumptions.
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